for n sufficiently large. In particular, A 1 is isomorphic to ⊕ N L −n on each fiber. Below we abuse notation and omit the pullback symbol. We have the long exact sequence over M × M 0 → Ext
Moreover, Ext 0 π 13 (E ′ , E ′′ ) vanishes. Denote Ext 0 π 13 (A 1 , E ′′ ) by V −1 . It is locally free. We get the short exact
the isomorphism Ext
and the vanishing Ext 
Choose a section γ of L k and consider the short exact sequence defining the sheaf
The sheaf Ext 2 π 13 (E ′ , E ′′ ⊗ L k ) vanishes for positive k (use Serre's Duality and stability of E along each fiber {E} × S, E ∈ M). We claim that the sheaves Ext i π 13 (A 0 , E ′′ ⊗ L k ) vanish for i ≥ 1 and k sufficiently large. The latter vanishing follows from the analogue of the long exact sequence (5) with E ′′ replaced by E ′′ ⊗ L k . We get the long exact 0 → Ext
(here we used (8)). It follows that Ext i π 13 (A 0 , Q) vanishes for i ≥ 1 and both V 0 and V 1 are locally free sheaves on M × M (the Cohomology and Base Change Theorem). Combining (7) and (9) we obtain a description of the diagonal as the degeneracy locus of the homomorphism of vector bundles f
Unfortunately, the homomorphism f is not a regular section of Hom(V 0 , V 1 ). The expected codimension of the locus D t (f ), where the corank of f is t, is given by the formula ρ(t) = t(r 0 − r 1 + t).
In our case, t = 1 and r 0 − r 1 is equal to the rank of Ext 0 π 13
. By (6), the rank of the latter is equal to (m − 2) + rank(V −1 ) which is very large. Thus, D 1 (g) is empty for a regular section g of Hom(V 0 , V 1 ).
Combining (6) and (10) we get the injective composition
Its image is in the kernel of f . Set g := ι • α. We get the complex of vector bundles
with sheaf cohomology
, and
Since the canonical line bundle of S is trivial, the complex (11) is "self-dual" in the derived category. More precisely, it is easy to check that the sheaf cohomology of the complex dual to (11) is
and is hence also supported as a line bundle on ∆. The Theorem now follows from Lemma 4. 2
be a complex of locally free sheaves of ranks r −1 , r 0 , r 1 on a variety M satisfying 1. The sheaf cohomologies satisfy: H −1 := ker(g) = 0, and H 1 := coker(f ) are supported as a line bundle on a local complete intersection subvariety ∆ of pure codimension m.
2. Assume that m ≥ 2 and −r −1 + r 0 − r 1 = m − 2.
is also supported as a line bundle on ∆. Remark 5 It is instructive to compare Lemma 4 to the following general vanishing statement. Let s be a regular section of a rank m vector bundle V on a smooth ndimensional variety, n ≥ m. Denote its zero subscheme by ∆ and let E be the kernel of
Then E is locally free of rank m − 1 away from ∆. Its projective dimension is m − 2.
E is the image of the contraction homomorphism
, and is hence locally free. If m > 2, then E is not locally free. In any case, the total Chern class of E is given by
In particular, c m (E) = 0.
Proof: (of Lemma 4) The first degeneracy class of a homomorphism h : E → F is given, up to sign, by the Chern class c f −e+1 (F − E), where e and f are the ranks of the vector bundles E and F . We begin with a construction, encoding the data of the complex (11) in a homomorphism (15) between two vector bundles, which ranks differ by m − 1. Let K be the kernel of
be the blow up of ∆. Denote by D ⊂ X the exceptional divisor. Define U to be the elementary transform of b
U corresponds to the sheaf of meromorphic sections of b * V −1 with, at worst, a simple pole along D and "polar tail" in K(D). We get the short exact
and the complex (not exact)
Proof of part 1 of Lemma 4: Let π : PU * → X be the bundle of hyperplanes in U and set u := r −1 − 1 to be the dimension of its fibers.
the short exact sequence of the tautological sub and quotient bundles. Note that q is the line bundle O PU * (1). Denote by V 0 the quotient
and byr 0 its rank. We get the induced homomorphism
Note thatr 0 − r 1 = m − 1. However, the homomorphismf is not a regular section of
. We will prove part 1 of the Lemma by calculating a cohomology class in two ways:
Proof: Part 1 of the Claim is proven via a straight-forward calculation. We have
The Chern polynomials of the various bundles are related by the following equations:
Combining equations (16) and (17) yields
Since π : PU * → X is a P u bundle, we get the equality
Now, equation (12) 
Hence,
Equation (19) becomes
Part 2 of Claim 6 is proven using the Excess Porteous Formula. Define Z by the exact sequence
Z is a vector bundle over D of rank r 0 − r 1 + 1. Let Z be the rank m vector bundle
Denote by D the inverse image π −1 (D) in PU * . We get the exact sequence
By the excess Porteous Formula ( [Fu] Example 14.4.7 page 258) Denote by D x and D x the fibers of D and D over x ∈ ∆. Let δ be the class
∆ is a fibration and ∆ is of pure dimension m, part 2 of the Claim would follow from the equality of classes on the fiber of
The exact sequence (13) and the triviality of (b
Denote by η the class c 1 (q) | Dx . From (14) we get the equality
Now, the exact sequence
and the triviality of Z | Dx imply
. Thus,
We have thus proven the equation (21) of classes on D x . This completes the proof of Claim 6. 2
Proof of part 2 of Lemma 4: Denote the quotient b
It is a vector bundle of rank (m − 2) + r 1 . We get the induced homomorphism
Again we calculate a cohomology class in two ways:
Proof: We verify part 1 by a straightforward calculation.
Pushing forward, we get the equality in part 1 of the Claim. Part 2 of the claim follows easily from the Excess Porteous Formula. We have the short exact sequence
By the Excess Porteous Formula, the class ∆ (m−1) 1 (φ) is the push-forward of the class
Since 
A generalization for semi-universal sheaves
We generalize Theorem 1 to the case where a universal family E does not exist globally. We define a class ch(E) replacing the Chern character of a universal sheaf (see (23)). The class of the diagonal is then given by the topological formula γ(ch(E), ch(E)), which is the translation (2) of (1) via Grothendieck-Riemann-Roch. Recall the construction of semi-universal families over M × S ([Mu2] Theorem A.5). We start with a covering {U i } of M and local universal families E i over U i × S. We get the vector bundles V i := p * (E i ⊗ L), upon a choice of a sufficiently ample line bundle L on S. The families E i ⊗ V * i glue to a global semi-universal family F . Denote by ρ the rank of V i . The projective bundles PV i glue to a global projective bundle p : PV → M (which need not be the projectivization of a vector bundle). The vector bundles
glue to a global vector bundle W . We get a line bundle O PV (ρ) over PV , which restricts as the ρ-th power of the hyperplane bundle on each P ρ−1 fiber and such that p * O PV (ρ) is a subbundle of W . Denote byẼ the universal quotient sheaf of p * F .Ẽ restricts as O(1) ⊗ E to the P ρ−1 × S fiber over E ∈ M. Set
It is a rank ρ vector bundle over PV . We get the relations
Denote by ch(O PV (1)) the ρ-th root of ch(O PV (ρ)) with 1 as the coefficient in degree zero. We conclude that the class α := ch(Ẽ) · ch(O PV (1)) is the pullback of a class
. The Chern classes of ch(E) have rational coefficients. It is easy to check that the class ch(E) is canonical, up to the product by the Chern character of a class in Pic M ⊗ Q. Theorem 1 implies that the class
is the pullback to PV × PV of the class of the diagonal in M × M. Moreover, the class (24) is equal to γ(ch(Ẽ), ch(Ẽ)) as well as to γ(α, α) (see Remark 3 part 1 for the latter equality). The equality α = p * ch(E) implies the equality
We conclude that γ(ch(E), ch(E)) is the class of the diagonal in M × M (since the pullback (p × p) * is an injective homomorphism).
Higgs bundles
Let Σ be a smooth compact and connected algebraic curve of genus g ≥ 2. A Higgs bundle on Σ is a pair of a vector bundle E and a 1-form valued endomorphism ϕ : In a sequel paper, they calculated the relations in the rank 2 case [HT2] . In the rest of this section we deduce Theorem 8 from Theorem 1. The cotangent bundle T * Σ is a symplectic surface. There is a natural bijection between Higgs pairs (E, ϕ) on Σ and sheaves F on T * Σ with complete support of pure dimension 1. F is characterized by the two properties: 1) The support of F is the spectral curve C of (E, ϕ).
2) The pushforward π * (F ) is isomorphic to E. If C is smooth, then F is a line bundle on C. More canonically, the higgs field ϕ determines a homomorphism from the sheaf of commutative algebras ⊕
The former is the pushforward of the structure sheaf O T * Σ of the cotangent bundle. Hence, E is the pushforward of an O T * Σ -module F .
Let S := P[T * Σ ⊕ O Σ ] be the compactification of T * Σ. Denote the bundle map by π : S → Σ and let D ∞ be the section at infinity. Choose an ample line bundle A on S and consider the moduli space M of A-stable sheaves on S with rank 0, first Chern class c 1 :
, and Euler characteristic χ := d+r(1−g). Stability of the Higgs pair is equivalent to A-stability of the sheaf F [Si] . Higgs is the Zariski open subset of M of sheaves with support disjoint from D ∞ . The polarization A can be chosen so that every A-semi-stable sheaf is A-stable and M is thus compact. (Indeed, A can be chosen so that A · c 1 and χ are coprime. Thus, A-slope-stability is equivalent to A-slope-semi-stability, where the slope is χ/(A · c 1 ) and we define slope-stability as in [Le] Section 2.1). A universal sheaf F M exists on M × S because r and χ are coprime. (Indeed, if we set B 1 = O S and let B 2 be the structure sheaf of a fiber of π : S → Σ, then χ(F · B 1 ) = χ and χ(F · B 2 ) = r. Now apply [HL] Theorem 4.6.5). Denote by F the restriction of F M to Higgs × S.
The surface S is not symplectic. Nevertheless, T * Σ is symplectic and F is supported on a subscheme of Higgs × T * Σ. It follows that F ⊗ K S is isomorphic to F . Moreover, if F is a stable sheaf in Higgs and G is a stable sheaf in M, then Serre's Duality yields
Let π ij be the projection from M×S×Higgs onto the product of the i-th and j-th factors. We see that the relative extension sheaves Ext (π * 12 F M , π * 23 F ) (smoothness of M is not needed because the diagonal in M × Higgs is smooth and is contained in the smooth locus of the product. At this stage, the diagonal is a class in the Chow ring of M × Higgs, or in Borel-Moore homology).
Next, we prove that the Künneth factors of the Chern classes of F generate H * (Higgs, Q). We will need an additional compactification. Higgs admits a natural compactification H with quotient singularities (an orbifold) [Ha, Sch] . The restriction homomorphism H * (H, Q) → H * (Higgs, Q) is surjective. The surjectivity can be seen using the construction of H via symplectic cuts [Ha] . The natural U(1) action on Higgs, which rescales the Higgs field, extends to a hamiltonian action on H. The complement Z of Higgs in H is an irreducible divisor, which is pointwise fixed under the U(1)-action. The moment map µ : H → R, with respect to the Kähler symplectic structure of H, is a perfect Bott-Morse function ( [K] Section 5.9). Moreover, the value of µ along Z is the maximal (critical) value. It follows that the long exact sequence of pairs
splits into short exact sequences. In particular, we get the required surjectivity. Let M be a smooth compactification of Higgs which admits morphisms f M to M and f H to H (which restrict as the identity on Higgs). . It remains to show that the subring of H * (Higgs, Q), generated by the Künneth factors of the universal vector bundle E, is equal to the subring generated by the Künneth factors of F . The pushforward of F to Higgs × Σ is E. Denote by π H and π S the projections from Higgs × S and by p H and p Σ the projections from Higgs × Σ. The homomorphism
factors through H * (T * Σ, Q), and hence through H * (Σ, Q). Given a class α in H * (Σ, Q), we get the equalities
Assume that Corollary 2 holds for S. Then h is surjective and Göttsche's formula for the Betti numbers of S [n] implies the following lower bound on the degree of the relations:
Lemma 11 1. h is surjective.
h is injective in degree
3. Let b 2 be the second Betti number of S. The first non-trivial summand of the relation ideal I ⊂ R [n] is the one-dimensional summand I n+1 of degree n + 1, if n is odd, or the (b 2 + 2)-dimensional summand I n+2 , if n is even. More generally, the dimension of I k , k even in the range n < k ≤ 4n 3
, is the sum of the two Betti numbers
4. If S is a K3, then H * (S [n] , Q) is generated by H 2 and B 2i , 2 ≤ i ≤ n − 1.
In particular, B 2i is isomorphic to H * (S, Q), for 2i ≤ n, and the relations appear only in degree > n. Part 3 of Lemma 11 seems to suggest that, for n even, B n+2 is contained in the subring generated by H 2 (S [n] ) and B 4 , . . . , B n . We are led to the following
In the K3 case, the answer is affirmative for n = 2 and n = 3 (part 4 of Lemma 11). The n = 2 case follows also from Proposition 14 because the dimension of H 4 (S [2] ) is equal to that of Sym 2 H 2 (S [2] ). An affirmative answer for n = 4 seems very plausible in view of parts 3 and 4 of Lemma 11.
Lemma 11 may be interpreted as a computation of the stable cohomology ring of the Hilbert schemes. Recall that
where δ is half the class of the big diagonal. Identify the weight 2 summand of R [n] , for all n ≥ 2, define the homomorphism R
[n+1] → R [n] by sending M 2n+2 to zero, and let R
[∞] be the inverse limit
is the weighted polynomial ring generated by H 2 and M 2i , i ≥ 2. Then the graded kernel ideal of the surjective homomorphism R
[∞] → R [n] → H * (S [n] , Q) is trivial in degree ≤ n.
The proof of Lemma 11 will depend on Lemmas 12 and 13. The reader may wish to use the table in Section 6 to test numerically various assertion made in the discussion below. and let x i,m , 1 ≤ i ≤ b 2 + 2, be a basis of M 2m , m ≥ 2. Consider the homomorphism
sending x i,m to t 2m . Each monomial in the variables x i,m appears precisely once in the power series expansion of
Thus, the dimension of R
[∞] k is the coefficient of t k in (29). 2
Lemma 13
The k-th Betti number of S [n] is equal to the coefficient of t k in the power series expansion of (29), provided n ≥ k.
Proof: Göttsche's formula computes the k-th Betti number of S [n] as the coefficient of t k q n in the power series expansion of [G] . It will be convenient for us to rewrite it as the product of 
The infinite product (32) is the image of (30) under the homomorphism
given by
x b 2 +2,m → t 2m q m−1 , m ≥ 2, x b 2 +1,m → t 2m q m+1 , m ≥ 1, x i,m → t 2m q m , 1 ≤ i ≤ b 2 , and m ≥ 1.
1 + (b 2 + 1)z +
